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A REMARK ON EQUISINGULAR APPROXIMATIONS OF
QUASI-PLURISUBHARMONIC FUNCTIONS
QI’AN GUAN AND ZHENQIAN LI
Abstract. In this note, we will present global equisingular approximations
of quasi-plurisubharmonic functions with stable analytic pluripolar sets on
compact complex manifolds.
1. Introduction
Let X be a compact complex manifold of dimension n. A function ϕ on X is
said to be quasi-plurisubharmonic (quasi-psh) if ϕ is locally equal to the sum of a
plurisubharmonic function and of a smooth function, that is, if its complex Hessian
is bounded below by a (1, 1)-form with continuous or locally bounded coefficients.
The multiplier ideal sheaf I (ϕ) associated to a quasi-psh function ϕ is defined
to be the sheaf of germs of holomorphic functions f such that |f |2e−2ϕ is locally
integrable with respect to the Lebesgue measure, which is a coherent ideal sheaf.
We say that a quasi-psh function ϕ has analytic singularities if ϕ can be written
locally as
ϕ =
c
2
log
( m∑
k=1
|fk|
2
)
+O(1),
where c ∈ R+ and fk are holomorphic functions.
In [1], Demailly proved a basic result on the approximation of psh functions by
psh functions with analytic singularities via Bergman kernels. Here, we recall a
global version as follows:
Theorem 1.1. ([1]; see also [2, 3]). Let ϕ be a quasi-psh function on a compact
Hermitian manifold (X,ω) of dimension n such that i
pi
∂∂¯ϕ ≥ γ for some continuous
(1, 1)-form γ. Then there is a sequence of quasi-psh functions ϕm such that ϕm has
the same singularities as a logarithm of a sum of squares of holomorphic functions
and a decreasing sequence εm > 0 converging to 0 such that
(a) ϕ(x) ≤ ϕm(x) ≤ sup
|ζ−x|<r
ϕ(ζ) +C
( | log r|
m
+ r+ εm
)
with respect to coordinate
open sets covering X. In particular, ϕm converges to ϕ and in L
1(X) and
(b) ν(ϕ, x) − n
m
≤ ν(ϕm, x) ≤ ν(ϕ, x) for every x ∈ X, where ν(ϕ, x) is the
Lelong number of ϕ at x;
(c) i
pi
∂∂¯ϕ ≥ γ − εmω.
In this note, by the strong openness property of multiplier ideal sheaves [6],
we will present the following equisingular approximations quasi-psh functions with
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stable analytic pluripolar set A := N(I (ϕ)), the zero set of multiplier ideal sheaf
I (ϕ) associated to ϕ.
Theorem 1.2. Let ϕ be a quasi-psh function on a compact complex manifold X.
Then, there exists a sequence (ψˆk) of quasi-psh functions with analytic singularities
on X such that
(1) (ψˆk) converges to ϕ almost everywhere;
(2) (“equisingularity”) I (ψˆk) = I (ϕ) for every k;
(3) (“stability”) the polar sets of ψˆk coincide with A for all k.
Remark 1.1. In [5], the first author proved that one cannot add the requirement to
make ψˆk converge to ϕ decreasingly.
In [4], the following “equisingular” regularization process was established, which
provides more equisingularity than Theorem 1.1 in the sense that the multiplier
ideal sheaves are preserved.
Theorem 1.3. ([4], see also [2, 3]). Let T = α + i∂∂¯ϕ be a closed (1, 1)-current
on a compact Hermitian manifold (X,ω), where α is a smooth closed (1, 1)-form
and ϕ a quasi-psh function. Let γ be a continuous real (1, 1)-form such that T ≥ γ.
Then one can write ϕ = limm→+∞ ϕm, where
(a) ϕm is smooth in the complement X\Zm of an analytic set Zm ⊂ X;
(b) (ϕm) is a decreasing sequence, and Zm ⊂ Zm+1 for all m;
(c)
∫
X
(e−2ϕ − e−2ϕm)dVω is finite for every m and converges to 0 as m→ +∞;
(d) (“equisingularity”) I (ϕm) = I (ϕ) for all m;
(e) Tm = α+ i∂∂¯ϕm satisfies Tm ≥ γ − εmω, where εm → 0 as m→ +∞.
Note that in Theorem 1.3 the pluripolar set Zm of ϕm is larger and larger as
m tends to infinity. Combining the strong openness property of multiplier ideal
sheaves and Theorem 1.3, we also present the following
Theorem 1.4. Let ϕ be a quasi-psh function on a compact complex manifold X.
Then, there exists a sequence (ψˆk) of quasi-psh functions on X such that
(1) (ψˆk) is decreasing and convergent to ϕ;
(2) ψˆk is smooth on X\A for all k;
(3) e−2ϕ − e−2ψˆk is locally integrable for every k, which implies I (ψˆk) = I (ϕ).
2. Proof of main results
To prove main results, the following strong openness property of multiplier ideal
sheaves is necessary.
Theorem 2.1. ([6]). Let ϕ be a quasi-psh function on complex manifold X and
K ⊂ X a compact subset. Then, there exists εK > 0 such that for any 0 ≤ ε ≤ εK
we have
I ((1 + ε)ϕ)|K = I (ϕ)|K .
We are now in a position to prove our main results.
Proof of Theorem 1.2. Step 1. By Theorem 1.1, there exists a finite open
covering (Uk) of X by coordinate balls and a sequence of quasi-psh functions ϕm
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on X such that on every Uk, we have
ϕm|Uk =
1
2m
log
∑
j
|σ
(k)
j,m|
2 +O(1),
where (σ
(k)
j,m) is an orthonormal basis of HUk(mϕ), the Hilbert space of holomorphic
functions f on Uk satisfying
∫
Uk
|f |2e−2mϕdλn <∞.
Step 2 (see Proposition 2.1 in [7]). There exists a quasi-psh function ϕ˜ on X
such that
(i) e−2ϕ − e−2ϕ˜ is locally integrable, which implies I (ϕ) = I (ϕ˜) on X ;
(ii) ϕ˜ ∈ L∞loc(X\A).
Let x0 ∈ X be any point. Without loss of generality, we assume x0 ∈ Uk. By
Proposition 5.7 in [2], there exists j0 > 0 and a neighborhood V0 ⊂⊂ Uk of x0 such
that σ
(k)
1,1 , ..., σ
(k)
j0,1
generate I (ϕ) on V0, and
log
∑
j
|σ
(k)
j,1 |
2 = log
j0∑
j=1
|σ
(k)
j,1 |
2 +O(1).
on Uk. It follows from Theorem 2.1 that there exists a real number p0 > 0 satisfying∫
V0
|σ
(k)
j,1 |
2e−2(1+
1
p
)ϕdλn <∞
for any 1 ≤ j ≤ j0 and any p ≥ p0. Then, we obtain that on V0,∫
V0
(e−2ϕ − e−2max{ϕ,pϕ1})dλn =
∫
{ϕ<pϕ1}∩V0
e2·
1
p
ϕ−2(1+ 1
p
)ϕdλn
≤
∫
{ϕ<pϕ1}∩V0
e2ϕ1−2(1+
1
p
)ϕdλn ≤
∫
V0
e2ϕ1−2(1+
1
p
)ϕdλn
≤C ·
∫
V0
j0∑
j=1
|σ
(k)
j,m|
2e−2(1+
1
p
)ϕdλn <∞
for some constant C > 0.
Thus, we infer from the compactness of X that for sufficiently large p0, by tak-
ing ϕ˜ := max{ϕ, pϕ1} with p ≥ p0, we have e
−2ϕ − e−2ϕ˜ is locally integrable and
ϕ˜ ∈ L∞loc(X\A).
Step 3. As the discussion of Remark 3 in [3], by taking ϕˆm = (1 +
1
m
)ϕ˜m, we
have I (ϕˆm) = I (ϕ˜) for large enough m, where ϕ˜m is the Bergman approximation
sequence of ϕ˜. Moreover, ϕˆm is smooth outside the polar set Zm of ϕˆm.
Since ϕˆm|X\A is smooth, we have Zm ⊂ A. Then, it follows from
I (ϕˆm)x = I (ϕ˜)x 6= OX,x
for any x ∈ A that Zm = A for large enough m.
Step 4. Equisingular approximation of ϕ.
Without loss of generality, we assume that both ϕ and ϕ1 are negative on X . Let
ψk := max{ϕ, pkϕ1}, where p0 ≤ pk < pk+1 → ∞ (k → ∞). Then ψk converges
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to ϕ and I (ψk) = I (ϕ) for every k. By Remark 3 in [3], for every k, there
exists a sequence of quasi-psh functions ψjk with analytic singularities such that
I (ψjk) = I (ϕk) for every j, and ψjk is convergent to ϕk. It follows that for every
k, there exists Nk > 0 such that m(E{|ψjk − ψk| ≥
1
2k }) ≤
1
2k , for any j ≥ Nk.
Take a subsequence ψjkk of ψjk with Nk ≤ jk < jk+1. It follows from
|ψjkk − ϕ| ≤ |ψjkk − ψk|+ |ψk − ϕ|
that for every ε > 0 and all k with 1
2k
< ε, we have
E{|ψjkk − ϕ| ≥ ε} ⊂ E{|ψjkk − ψk| ≥
1
2k
} ∪ E{|ψk − ϕ| ≥ ε−
1
2k
},
which implies
m(E{|ψjkk − ϕ| ≥ ε}) ≤
1
2k
+
ε
2
< ε
for large enough k, i.e., ψjkk is convergent to ϕ in Lebesgue measure. Let ψˆk be
a subsequence of ψjkk, which converges to ϕ almost everywhere. Then, it follows
from Step 3 that ψˆk satisfies (1), (2) and (3) as desired. 
Proof of Theorem 1.4. Let (ψk) be the equisingular approximation sequence
of ϕ as in Theorem 1.3 and ϕ1, p0 as in Step 2 of Theorem 1.2. In addition, we
can assume all ψk and ϕ1 are negative. Then, we obtain that e
−2ψk − e−2ϕ and
e−2ϕ − e−2max{ϕ,pϕ1} are locally integrable for any p ≥ p0, which implies that
e−2ψk − e−2max{ϕ,pϕ1} is locally integrable. Since
e−2ψk − e−2max{ψk,max{ϕ,pϕ1}} = max{0, e−2ψk − e−2max{ϕ,pϕ1}} ∈ L1loc(X),
then e−2ψk − e−2max{ψk,pϕ1} is locally integrable.
Let
Mη(t1, t2) :=
∫
R2
max{t1 + x1, t2 + x2}
∏
1≤j≤2
η−1j θ(xj/ηj)dx1dx2
be the regularized max function, where η = (η1, η2) with ηj > 0, and θ is a non-
negative smooth function on R with support in [−1, 1] such that
∫
R
θ(x)dx = 1
and
∫
R
xθ(x)dx = 0. By setting η = (1, 1), we have Mη(max{ψk, p0ϕ1}, pϕ1) =
max{ψk, p0ϕ1} near A for any p > p0. Then, it follows that
e−2max{ψk,p0ϕ1} − e−2Mη(max{ψk,p0ϕ1},pϕ1)
is locally integrable.
Note that
0 ≤e−2ψk − e−2Mη(ψk,pϕ1)
≤e−2ψk − e−2Mη(max{ψk,p0ϕ1},pϕ1)
=(e−2ψk − e−2max{ψk,p0ϕ1}) + (e−2max{ψk,p0ϕ1} − e−2Mη(max{ψk,p0ϕ1},pϕ1))
for any p > p0. Thus, e
−2ψk − e−2Mη(ψk,pϕ1) is locally integrable for any p > p0
and all k.
Let ψˆk := Mη(ψk, pkϕ1), where η = (1, 1) and p0 < pk < pk+1 → ∞ (k → ∞).
Then, ψˆk decreasingly converges to ϕ and smooth on X\A. It follows from
e−2ϕ − e−2ψˆk = (e−2ϕ − e−2ψk) + (e−2ψk − e−2Mη(ψk,pkϕ1))
that e−2ϕ − e−2ψˆk is locally integrable. 
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